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The method for investigating the asymptotic stabllity 1n the mean square of

a linear stochastic system with Gaussian "white noises" proposed in [1] is
developed. Section 1 contains an interpretation of the result obtained [1]
in terms of the stabllity quality criterion employed in controlled systems
theory. Section 2 contains the necessary and sufficient conditions of asymp-
totic stablility in the mean square in the Routh-Hurwitz form of a linear
stochastic system for the case where the intensities of noises acting in
different directions are proportional to each other. This result generalizes
the stabllity conditions given in [1 and 2] (*).

1, Let us be glven an nth order ordinary differential equations with
constant coefflclents

ym) + aly('n—l) + ...+ aw=0 (1.1)
which after the substitution .
y= Xy, y = Xgy .o oy y("‘l) = Xp (1.2)
becomes the system n
dX, =X, dt, dXy= Xgdt, ..., dXn = — Do Xp s, dl (1.4)
i=1

Let us suppose that system (1.3) 1s asymptotically stable.

In the theory of controlled systems, each nonnegatively defilned quadratic
form
a(@)= D 2fFp inFa-jit
,j=1

is associated (e.g. see [3 and 4] with an integral criterion of the stability
qu:(al:)Lty of the solution X*(t) of system (1.3) with the initial condition
X (0) = x

*) We take thils opportunity to note that [1] contains the following mis-
rints which make 1ts reading difficult. In the right-hand side of Formula
2.5) on p. 406, the exponent of X ought to contain the number 2. On

%.40 :§f09r?haline from top, one should read (— 1)¢"a'*372 1instead of
-1 TAAYT
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Fo(e)=\ a (X¥(i)) dt (1.4)

o'/>8

Along with (1.1), let us consider the stochastic system
Yy e Ol ™Y L F a0y =0 (1.5)

Here the Gaussian "white nolses" n,°*(t),..., n, (¢t) have a zero mathe-
matical expectation, but can in general be dependent, so that

x‘rl?”'(/) Y]J(S) = 201')'6 (t — 3
From the results of [1] it follows that system (1.5) is asymptotically
stable in the mean square if and only if the criterion of the stability
quallty of the solution X*(¢) of determinate system (1.1) with the initial
condition X*(0) = &,, satisfy the condition
I, (0,...,0,1) <Y, (1.6)

From (1.2) and (1.4) for x = (0,..., O, 1) we have

(s o] n n 00
To ()= S Y XS A= X ey Syom-” (1) g™ (1) ai
0 i,0=1 ij=1 0
’ _1
Here (Yo Yo - %" ™) 1s the solution of Equation (1.1) with the ini-

tial condition (0,..., O, 1).
Integrating by parts, we readlly see that with odd ¢ + J ,
[ee]
S y(n—i) (1) y('n—j) (Hhdl =06
)

so that stabllity condition (1.6) includes only those correlation coeffici-
ents a,, for which the sum { + J 1s even. This fact was also noted in
(1].

We note that the direction (0,..., O, 1) in the space (x,, X3,..., X;) 18
& speclal one, since it 1s preclsely in this direction that diffusion occurs
(see Formula (1.%) in [1]).

2. Now let us have the general linear stochastic system

n
Xi= ) [bgy+ mif (0] X (2.1)
i=1
where, as before, the nolses n,,(¢) have a zero mathematical expectation,
and .
Ny (D) (3) =203, 5 (¢ — %)
Investigation of system (2.1) involves considerable difficulties, and it

appears that the necessary and sufficlent conditions of stability in the
mean square generally cannot be given in sufficiently effective form in

terms of the parameters bij, a3
We shall assume that ij -
ayy = ¢ijag (2.2)
i.e. that the correlation matrices of the nolses Wix (k= 1,....n) ana
ng (=1,..., 1), acting in the directions x; and x, , respectively, are
proportional to the same matrix ,x.). It is clear that the quadratic forms
n n
;-
}Il(‘l')’r: 2: AT }_“ (.ij')‘["‘j
(=1 i, -1

are here nonnegative definite.
Converting, as before, from the noises n,,"(t) to the independent "white
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noises", we can write Equatlons (2.1) in the form of a system of Ito stochas-
tic differential equations described by the operator

n

0’},‘

L= 1Ty a(r) E (‘,ffﬁ.‘,

i e
Here L, 1s the Liapunov operator.
As we know, the determinafe system

n
vy ) b (2.3)
j=1

is asymptotically stable i1f and only if the Routh-Hurvwitz conditions

1\1\/0, A2>Os- L) An>(I
are fulfilled (*).

Let us first suppose that the quadratic form a(x) 1s positive definite.
Then, proceeding from Theorem 3.2 of 55], we can prove (as was done in [1])
the following statement: system (2.1) is asymptotically stable in the mean
square if and only if there exists a positive definite quadratic form

n

Viz) = ) dijrir;

for which W=t
. Q 1
LoV (r) = —a(v), z.l Cijdij < 5
i,j=1 ~
Further, it 1s shown in [6] that the coefficient d,, of the form ¥(x)
can be written as n—1
’Gj>1;£—- \ q%)Alwtl
5An
r=9

where A}*"*}14s the algebraic complement of the element of the first row and
(r + 1)-th column of the last Hurwitz determinant 4,, while the numbers

¢)(r=0,1,...,n—1) are related to the coefficients a by Formula
n n—1
(—1)"h}] D (b) Djy (— h) = 3} g2 (2:4)
{,t=1 r=o0

Here D,,()) is the algebraic complement of the element in the tth row
and jth column’ of the determinant of system (2.3).

Thus, system (2.1) is asymptotically stable in the mean square if and only
if the following conditions are fulfilled:

n
A>0,  A:>0,0., 8,0, Ay D) eiAy; (2.5)
’l,j:l
where the determinant 4,, 18 obtained from the last Hurwitz determinant 4,
by replacing its first row by the row (qﬁ; Eﬂ,...,q??jh and where the num-
bers qg) are determined from the polynomials (2.4). “
We shall show that conditions (2.4) and (2.5) remain valid even without

the assumption that the form a(x) is nondegenerate. To do this, along with
system (2.1) we consider the other linear system

n
X = ) [byj+my;(0) 4 & (0] X (2.6)
i=1

Here the "white noises" (,, (¢, J = 1,..., n) average out to zero, and
independent of the totallty of n,*, and, furthermore

ME () Tiy'(s) = 2825 08 (¢ — 9) (¢ 3is a small parameter)

*) The conatruction of the determinants 4, , whose elements are the coeffici-
ents of the characteristic equatlon of system (2.3), is described in [1].
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The generating operator of system (2.6) is given by Formulas

kL n

t e 82 J— 2 1

Leng——;ae(J.)izlc”W, a {ry==a(x)+e igxl
L= =

Since a, (¥) is positive definite, the conditions of asymptotlic stability
in the mean square of system (2.6) are of the form

n
Ar>0,  A>0,..., 4,0, An> Y AL
X i,j=1
{the determinants A%? are constructed in the obvious way).

Further, representing the Liapunov function in system (2.3) in terms of
its fundamental system of solutions ¥;,(¢) with the initial condition
x5 ,(0) = 8,, (see [7]), we can readily see that

n 0 n n
AP =g+ e D) \ YL X or Sl > D by 2.7
k=10 1, =1 Lj=1

Inequality (2.7) and Theorems 5.1 and 5.2 of {5] imply that conditions
Ee.&g and (2.5) are necessary and sufficient for the stability of system
2.1) even if a(x) = 0 .

(8 The dﬁterminants Ay» By are readily computable by the method given in
.8 and 9].

In conclusion we note that condition {2.2) is fulfilled, specifically, in
the case where all of the ny*(¢) = O with the exception of some single
Mk {f). Precisely such a case, but under more restricted assumptions as
regards system (2.3), is considered in [2].

The author is grateful to R.Z. Khas'minskii for his useful comments.
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